We study electron transport through waveguides (WGs) in which the strengths of the Rashba (α) and Dresselhaus (β) terms of the spin-orbit interaction (SOI) vary in space. Subband mixing, due to lateral confinement, is taken into account only between the two first subbands. 
I. INTRODUCTION
There has been growing interest in the studies of spin-orbit interaction (SOI) in lowdimensional semiconductor structures made of III-V materials. The spin degree of freedom, often neglected in transport studies in semiconductors like silicon or germanium, may be important in other materials depending on the crystal structure, growth condition, and band alignment of the whole heterostructure. SOI, of relativistic origin, is a coupling between the intrinsic angular momentum (spin) and the orbital angular momentum in an external electric field. SOI manifests itself in semiconductor structures either due to the lack of (macroscopic) inversion symmetry of the whole structure, referred to as the Rashba SOI term [1] , or due to the lack of inversion symmetry of the crystal structure, referred to as the Dresselhaus SOI term [2, 3] . The Rashba term can also be viewed as an effective magnetic field in the local frame, perpendicular to both momentum and electric field. Apart from the band alignement, it also depends on any external potential if it lifts the overall inversion symmetry which means it can be tuned by applying a bias [4] [5] [6] . On the other hand, the Dresselhaus SOI (DSOI) term arises as a consequence of the lack of inversion symmetry of the underlying crystal structure. It is commonly present in III-V semiconductors, like
GaSb that has the zinc-blende structure, where the difference between cations and anions breaks the degeneracy of the band structure with respect to the spin degree of freedom, and is present in both bulk materials and semiconductor nanostructures. In low-dimensional semiconductor structures the DSOI manifests itself through terms that are linear and cubic in the wave vector k; here we consider only the former, which is dominant for small k and is referred to as the [001] linear Dresselhaus term. There is an additional source of spin splitting present in semiconductor heterostructures due to the reduced symmetry at the interface [7, 8] . This manifestation of spin-orbit coupling is often named interface inversion symmetry or interface Dresselhaus SOI [9] .
The studies of spin-dependent phenomena in semiconductor structures have been particularly intensified after the proposal of a spin-field effect transistor (FET) by Datta and Das [10] . This kind of the device would make use of the Rashba SOI only, by controlling the electron spin during its passage through the transistor. Ever since this proposal, there have been many refinements of the idea, notably the non-ballistic spin field-effect transistor [11] which would utilize both the Rashba and Dresselhaus terms of equal strength. In this design it is expected that the transistor is robust against spin-indepedent scattering mechanisms.
Further, a modification of the Datta-Das device has been proposed [12] whose function would be based on solely the DSOI. Motivated by this idea a wealth of related studies appeared in similar systems that dealt with spin-dependent transport, see, e.g, the review paper [13] .
In previous work, coauthored by one of us, ballistic transport and spin-transistor behavior was studied, due only to the RSOI, in stubbed [14] WGs with constant strength α or unstubbed WGs with periodically modulated α [15] . An encouraging result was a nearly square-wave form of the transmission as a function of some stub parameters [14] or the strength [15] α. In this work we extend these studies by treating simultaneously both SOI terms, taking into account mixing between the lowest two subbands, and by studying longitudinal transmission resonances that occur when the length of a SOI-free region, separating two regions with SOI present, varies. As will be seen, if only one subband is occupied and both SOI terms are present, a phase difference φ = tan −1 (−β/α) arises in the spin eigenfunctions that strongly affects the spin-up and spin-down transmissions especially when φ changes sign. In Sec. II we present a model of a WG with two subbands, due to a lateral confinement, having nonzero mixing. We also derive the relevant dispersion relations and one-electron wave functions. In Sec. III we briefly explain the numerical procedure and present the main results. Concluding remarks follow in Sec. IV. One unit of the WG we consider is shown in Fig. 1 . It is made, e.g., of two layers of In x Ga 1−x As with different content of In, x i , and has SOI strengths α i and β i . The WG consists of a finite number of such units periodically repeated in the y direction. Along the x direction a confining potential V (x) is present that gives rise to bound states having energies E n . In principle a confinement along x could be created by etching after the usual 2D one along z. The two different growth directions which will be discussed are [010] and [110] .
A. [010] grown waveguide
The one-electron Hamiltonian reads
where H 0 is given by
Here k = (k x , k y ) is the wavevector of the electron and m * its effective mass. H α and H β are the Rashba and Dresselhaus terms, respectively, given by
where σ = (σ x , σ y , σ z ) are the Pauli spin matrices, and α, β the strengths of the Rashba and We write the total wave function as a linear combination of eigenstates of the unperturbed
with n labelling the discrete subbands E n due to the confining potential V (x). The unper-
is the solution of
with the square-type V (x) assumed high enough so that φ n (x) = 0 at the edges of the WG. Using the full Hamiltonian given by Eqs. (1)- (3) and settingĒ n = E 0 n −E and γ ± = α±iβ, Eq. (4) leads to the secular equation
The factor J nm embodies the subband mixing due to confinement and is nonzero for n = m,
To assess the magnitude of subband mixing we assume that the confining potential V (x)
is that of a quantum well with infinitely high walls at the edges of the WG whose width is c.
Then φ n (x) = (2/c) 1/2 sin(nπx/c) and considering mixing between the lowest two subbands the only non-vanishing matrix elements are J 12 = −J 21 = δ, with δ = −8/(3c) [14] . Under these assumptions the eigenvalue problem resulting from Eq. (6) takes the form
where
y . The eigenenvalues, readily found from Eq. (19) , are
with
, and ∆E 12 = E 2 − E 1 . The energy dispersions are given in the left panel of Fig. 2 for α = β = α 0 and in the right one for α = 0.5β = 2α 0 .
Note that the energy dispersion curves do not start from E 1 , E 2 at k = 0 but rather from
, as a result of the subband mixing.
Analytical expressions for the wavevector k y (E) as a function of the energy are complicated for the general case α = β. Particular attention will be paid to the case α = β in which a suppression of spin-flip processes is expected [11, 17] . The relevant expressions are
where D = (8α 2 δ 2 + ∆E 
that determine the nature of the wave vectors k yi in the following manner:
for fixed i (i = 1, 2) all solutions k yi are complex and conjugate in pairs; E cr1 < E < E cr2 : the solutions k y1 are real and the k y2 ones complex conjugate;
For vanishing Dresselhaus strength β → 0, the eigenvalue problem Eq. (19) simplifies significantly and the eigenvectors acquire [18] the simple analytical form
where r A = 2αδ/A, r B = 2αδ/B, A = δE 12 + 2αk y + ∆E + , and B = δE 12 + 2αk y + ∆E − .
Further,
If one goes further and neglects subband mixing, by taking the limit δ → 0, and if only the first subband is occupied, the original 4 × 4 eigenvalue problem, Eq. (19), reduces essentially to a 2 × 2 problem. Then the energy spectrum is given by
and the spinors acquire the simple form
This form of the spinors is important for the analysis of the transport problem through WGs.
More precisely, one easily sees that the effect of the presence of the DSOI term is not just a simple increase of the overall SOI coupling, that is, [α 2 +β 2 ] 1/2 in place of α; one also has the change in the phase of the spinor component, that may significantly alter the transmission from one spin state to another. For illustrative purposes, we derive an analytical expression for the total transmission through a simple WG segment, with equal SOI strengths (α = β) and length ℓ 2 , sandwiched between two SOI-free segments. The result is
Once again, the effect of having both SOI terms present is not limited to the replacement α → √ 2α; the transmission amplitude is also modulated through the factor ǫ in Eq. (17), if one compares with the simplest case (β = 0, α = 0) [15] . From now on we will evaluate the transmission of spin states with z being the quantization axis. has a somewhat simpler form [19] 
while the Rashba term retains the same form since it is related to the structural (macroscopic) inversion asymmetry [20] . Employing a procedure similar to that in Sec. III A, we arrive at the eigenvalue problem
where the notation is the same as in Eq. (8).
The eigenenvalues, readily found from Eq. (19) , are given by Eq. (9) with F and G replaced, respectively, by F 1 = 4α∆E 12 and 
where y s = y − y 0i . To find the complete solution, we first match the wave function at the interfaces between the i and i + 1 segments. Due to the presence of the off-diagonal elements in the Hamiltonian the continuity of the derivative of the wave function may not hold. A more general procedure is to require that the flux through materials with different SOI strengths or/and effective masses be conserved [21] . The velocity operator is given by
The continuity of the wave function at the interface y = y i,i+1 gives ϕ i+1 (x, y i,i+1 ) = ϕ i (x, y i,i+1 ) and that of the fluxv y ϕ i+1 (x, y)| y i,i+1 =v y ϕ i (x, y)| y i,i+1 . The unknown coefficients c
i from Eq. (20) from one segment to another can be related through the transfermatrix formalism by introducing the propagation matrix P i and the boundary matching matrix Q i in each segment i. The transfer matrix [22] for the i-th segment is the matrix product
In all numerical calculations we assumed that the incident electrons are (spin) unpolarized and we investigate only the transmission of one spin state, for instance, the spin-up one.
We take the z axis as the quantization axis. We measure the SOI strengths in units of α 0 = 1 × 10 −11 eVm (Ref. [6] ) and we first consider an energy E = 0.13 meV+E 1 below the second subband. by the dash-dotted curve. We note that the total transmission T is the same in cases (1) and (3), only the spin-up and spin-down transmissions are different in these cases. Here the value of α is taken to be α = 2α 0 , close to the experimental value given in Ref. [4] . It can be inferred that changing the sign of α suppresses the transmission to the opposite spin state, while the subband mixing shifts the resonance maxima and has a minimal effect on the shape of the curve.
In Fig. 5 we plot the total transmission T through N = 3 units, as a function the length ℓ 2 , for fixed ℓ 1 = 95nm and α 1 = β 1 = 0 in the SOI-free region, see . This is readily seen by contrasting the upper with the lower panels.
Notice though that the lower panels involve rather big SOI strengths.
Apart from the transmission T , the conductance G provides valuable information about the nanostructure especially at finite temperatures. G is given by the standard expression
where f is the Fermi-Dirac distribution. In Fig. (6)(b) we show G for the same WG, at finite temperature T 0 = 0.2K, as a function of α with β kept constant and equal, respectively, to α 0 and 3α 0 (solid red curves), and β = 0 (dashed blue curves). As can be seen, the dashed and dotted curves coincide since the SOI strength is the same in units of α 0 . The conductance when α = 0 or β = 0 starts from 2 since then the WG is completely transparent (no SOI), whereas when both SOI terms are present G starts from a value between 1 and 2 due to phase φ = 0 and a non-trivial energy dispersion E(k y ), see Eqs. 15 and (16) . In all cases the first segment of the unit has zero SOI. For higher values of the SOI strengths, β = 3α 0 (dashed curve in Fig. 6(d) ) the conductance exhibits a more binary behavior. For higher temperatures the qualitative behavior of G remains the same but the dips get shallower. We now assess the dependence of the transmission T on the phase φ. In Fig. 7 we show T through two successive WG segments, with the same length At this point one may wonder how realistic the difference in SOI strengths is from one region to another or how it can be changed. Firstly, one can use the same material throughout the WG and instead apply gates that can change α, from region 1 to region 2, by a factor of 2 to 5. Secondly, if one uses different materials for regions 1 and 2, a band offset exists between them, i.e., V (y) is not everywhere zero. As is well known, the Rashba term is controlled by an external gate and is taken to be zero within the layer made of In x 1 Ga 1−x 1 As. That is, one can take α 1 ≈ 0 but keep β 1 ≈ α 0 /2 in the first segment, since it was assumed that x 1 < x 2 . As usual we take |α 2 | = |β 2 | = α 0 for In x 2 Ga 1−x 2 As. In Fig. 8(a) we show the case when the two In x 2 Ga 1−x 2 As segments are separated by a pure GaAs segment (x 1 = 0), free of the Rashba SOI, as a function of the separation length ℓ sep .
For an indium content x = 0.2, the conduction band mismatch between pure GaAs and In x Ga 1−x As is experimentally determined [24] to be 0.23eV. In Fig. 8(b) we show the transmission through two In x 2 Ga 1−x 2 As (x 2 = 0.2) segments separated by a RSOI-free segment but now made of In x 1 Ga 1−x 1 As with x 1 = 0.1.
In the case we consider, x 1 < x 2 , we assume ∆V ≈ 0.12eV, for Next, we consider the situation when both subbands are occupied, which occurs for and the dotted one, barely visible, the T ± transmission. . As seen, the peak values are noticeably lower than in the previous case and the number of peaks is increased due to the different dispersion relation E(k y ).
IV. CONCLUDING REMARKS
We presented results for the electron transmission T through WGs in which both terms of the SOI are present and the mixing of the first two subbands is taken into account.
In general, the influence of subband mixing is to shift the (longitudinal) resonances and suppress the spin-down to spin-up transmission. Two growth directions were considered
[010] and [110] , with more attention given to the former. Further, changing the sign of the RSOI strength has a very strong filtering effect on the spin-down contribution while leaving the total transmission intact. In addition, we took into account possible band offsets between these segments and the SOI-free region that separates them. As shown in Fig. 8 , this reduces the amplitude of the transmission but does not affect its qualitative dependence on ℓ sep , notice in particular the highly binary structure of the transmission in Fig. 8(b) and consequently that of the conductance (not shown) at least for very low temperatures as reflected by Eq. (23).
The transmission T and conductance G oscillate as a function of α, β, or α/β if α and β are sufficiently strong. In such a case a nearly square-wave form is shown in Fig. 6 (c) for
T and in Fig. 6 (d) for G at temperature T 0 = 0.2 K. Both results are in line with those [15] for β = 0. For higher temperatures the qualitative behaviour of G remains the same but its maxima are a bit rounded off. Together with the control of α by a bias [4] and the independent one of β reported very recently [16] , the results indicate that a realistic spin transistor is possible if the SOI-free regions are relatively narrow.
